Theoretical analysis 2.1 Theoretical analysis model
We reported the experimental results (Sakamoto, et al., 2013a) for sound-absorbing structures that use of the friction due to the viscosity of the boundary layer. In the theoretical analyses, dimensions of analysis model Types A to C in the previous report (Sakamoto, et al., 2013a) were used. Then, the absorption coefficients of each sample were established theoretically and experimentally, following which they were compared. Table 1 lists the theoretical analyses model types and schematic diagrams. Table 2 lists the clearance of the thin sheets, the number of sheets, and the ratios of analyses model aperture. The third row in Table 1 is the incidence face, and the bottom row contains schematic views of the models from the side. Table 1 Schematic drawings and dimension for theoretical analysis model 
Four-terminal constants of unit acoustic elements
The clearance between the two planes, which is based on the one-dimensional wave equation in the x-direction, is represented by the transfer matrix method that relates to sound pressure and volume velocity (Suyama and Hirata, 1979b) . Fig. 1 shows the model of a sound wave incident in the positive x-direction inside a clearance of thickness H, which is created in a space with thickness H 0 in the z-direction.
H 0 is the unit thickness for each clearance including the non-opening section on test sample; i.e., the clearance thickness H is divided by the aperture ratio. In Fig. 1 , if the clearance thickness H between two planes is sufficiently small compared to the length of the clearance in the y-direction, the propagation of the sound waves is determined by the x-and z-direction of the clearance, and is considered to be constant in the y-direction. For that reason, the cross-sectional area of the clearance in the y-z plane can be replaced by H: the product of the clearance thickness H and the unit length in the y-direction. The transfer matrix T and the four-terminal constants of unit acoustic elements (A-D) are expressed with Eq. (1) that relates the length l, the characteristic impedance Z c , and the propagation constant γ.
(1)
The specific acoustic impedance Z 0 of the clearance between two parallel planes
For sound pressures p 1 and p 2 , and x direction component of particle velocities u 1 and u 2 at the entrance and terminus of the clearance, respectively, the transfer matrix is expressed with Eq. (2). Because the terminus of the clearance is a rigid wall, the particle velocity u 2 = 0.
(2) From the sound pressure p 0 and x direction component of particle velocity u 0 in the upstream side in Fig. 1 , the specific acoustic impedance Z 0 is expressed with left-hand side of Eq. (3) below. Furthermore, from Eqs. (2), p 0 =p 1 and H 0 u 0 = Hu 1 , left-hand side of Eq. (3) can be transformed to right-hand side of Eq. (3). Consequently, it is noted that the specific acoustic impedance Z 0 increases because of the H 0 = H a reciprocal of the aperture ratio of the clearance.
(3) Generally, the relationship between the specific acoustic impedance Z 0 and the reflectance R at the incidence face is expressed by using Eq. (4), where  s is the air density and c is the speed of sound in air. For the attenuation of sound waves inside the tubes, the attenuation constant of tubes with internal diameters greater than 20 mm has been experimentally found (Suyama and Hirata, 1979a) . Theoretical analyses which the viscosity of the boundary layer was taken into account have been carried out in the cylindrical tube (Tijdeman, 1975) , and in the clearance between two parallel plates (Beltman,1998) (Stinson and Champou,1992) . Consequently, the propagation constant could be derived. The thickness of the velocity boundary layer depends on the frequency (Nyborg, 1958) , and it is estimated about 50 m at the 1 kHz.
We have converted the cylindrical coordinate system of the Tijdeman method mentioned above into the Cartesian system to take into account the attenuation of the sound waves in the clearance between the two planes and have used the converted method.
Using approximations to the Navier-Stokes equation, the continuity equation, the equation of state for an ideal gas, and the energy equation in the x-and z-directions of the Cartesian coordinate system in Fig. 1 , the x direction component of particle velocity u can be described with Eq. (6) (Tijdeman, 1975) . In this case, the air was assumed to be a compressible fluid with constant viscosity. The assumed boundary conditions were such that the particle veloctiy in the x-and z-directions on the wall surface of the clearance is zero, and the wall surface was assumed isothermal. In Eq. (6),  is the specific heat ratio, s is the ratio of the clearance thickness and the velocity boundary layer thickness,  is the square root of the Prandtl number, and  is the z position in the z-direction normalized by the clearance thickness H. ξ is the x position in the x-direction expressed as
to make it dimensionless. Finally, ω is the angular frequency. Applying the boundary conditions to Eq. (8), the x direction component of particle velocity u can be expressed with Eq. (9). (9) Similarly, if we solve for temperature, and calculate for the z direction component of particle velocity with the boundary condition applied, we obtain Eq. (10) that also includes the sound pressure p (Tijdeman, 1975) .
Furthermore, if we replace the sound pressure p with Eq. (11), the propagation constant γ for the clearance between the two planes is given by Eq. (12) (Tijdeman, 1975) , where X, Y are arbitrary constants and k is a wave number.
(11) (12) Next, we discuss the characteristic impedance Z c for the clearance between the two planes, taking into account the attenuation.
If the x direction component of particle velocity and sound pressure of the travelling wave are u + and p + , respectively, the characteristic impedance Z c is expressed with Eq. (13).
(13)
The u + and p + inside the clearance between the two planes with attenuation are given by Eqs. (14) and (15), respectively (Tijdeman, 1975) . P s is the atmospheric pressure and t is time.
The characteristic impedance Z c obtained is a function of the z-direction of the clearance. To make Z c a function of the x-direction only, we average Z c by integrating with respect to z-direction over the y-z cross-section and c Z , which is uniform on the y-z cross-section, is estimated with Eq. (16). (16) In the above discussion, the propagation constant γ and the characteristic impedance c Z of the clearance between the two planes were estimated while taking into account the attenuation. By substituting for γ and c Z in Eq. (2), we can introduce the two-dimensional results for the clearance between the two planes to the one-dimensional transfer matrix.
The calculated results of propagation constant γ and characteristic impedance c Z for the various clearance thicknesses are shown in Figs. 2-5. Now, the real and imaginary parts of the propagation constant were converted to attenuation constant and phase velocity, respectively. The real and imaginary parts of the characteristic impedance were normalized by that in air. 
The calculated results using Stinson (Stinson and Champou,1992) and Allard (Allard and Atalla, 2009 ) methods are also shown in same figures. The calculated results using Stinson and Allard method and those using author's method are close.
By comparing with the case of the larger clearance (Sakamoto, et al., 2014) , attenuation constant and magnitude of characteristic impedance are greater, and phase velocity is smaller. These trends of Figs. 2-5 are similar to those of porous materials in which solid-borne sound can be ignored (Koshiroi and Tateishi, 2012) .
By the way, to measuring the experimental value of propagation constant and characteristic impedance of test sample, there is the two cavity method (Utsuno, et al., 1989) . However, this method is unusable because the terminal ends of the test samples constructed in our study are sealed. 
Derivation of the transfer matrix for Type B
To derive the specific acoustic impedance of the clearance for the Type B shape, the clearance of the wedge-shaped cross-section in the y-z plane in Fig. 6 (a) is approximated as in Fig. 6(b) . In other words, the clearance of thickness H b is treated as n clearances consisting of pairs of parallel planes that change in n steps.
It therefore follows that the Type B transfer matrix can be expressed as the equivalent circuit in Fig. 7 by the parallel connection of the transfer matrices for each n clearance of the parallel pairs of planes. In this case, each element is considered that the independent clearance, so that propagation of the sound pressure and particle velocity between elements is ignored (Verdière, 2013 ).
If we add the transfer matrices for the "clearances connected in parallel" T b1ton-1 and the "next clearance to be added" T bn in Eq. (17), the transfer matrix for the connected in parallel T b1ton can be expressed as with Eq. (18). 
Replacing Eq. (2) with Eq. (18) for the transfer matrix T b1ton , the specific acoustic impedance and absorption coefficient for each Type B clearance are estimated. The four-terminal constants A bn -D bn in T bn are given by using Eq. (2). H in Eq. (2) is replaced by H b that progressively decreases stepwise in the y-direction .
Derivation of the transfer matrix for Type C
To derive the specific acoustic impedance of the clearance for the Type C shape, the clearance of the wedge-shaped cross-section in the x-z plane in Fig. 8(a) is approximated as in Fig. 8(b) . In other words, the clearance of thickness H c is treated as a clearance between two parallel planes that change in i steps in the x-direction.
It follows that the transfer matrix for each clearance in Type C can be represented by an equivalent circuit as in Fig. 9 , which is a cascade connection of the transfer matrices for the clearances between i pairs of two parallel planes.
Expressing the equivalent circuit in Fig. 9 with the transfer matrix, we obtain Eq. (19). The four-terminal constants A ci -D ci for T ci are given by Eq. (2). In this case, the length of clearance in the x-direction l in Eq. (2) can be replaced by l/i, where i is the number of divisions. Similarly, H in Eq. (2) progressively decreases stepwise in the x-direction. 
Sound source side Rigid wall side T c1toi Fig. 9 Equivalent circuit for each clearance of Type C
Comparison of calculated and measured data 3.1 Type A case
Wood free paper (thickness 0.08 mm) was used in the previous report (Sakamoto, et al. 2013a) for the materials constituting the clearances; however, in this study, we used stainless steel thin sheets (thickness 0.08 mm). The change in the sound-absorbing characteristics achieved using the thin sheet material is explained in Section 3.4. The normal incident absorption coefficient was computed according to the ISO 10534-2 standard test method using the measured transfer function.
The calculated and measured absorption coefficient data are compared in Figs. 11-13 for each of the clearance thicknesses for the Type A sample. The calculated results using Stinson (Stinson and Champou,1992) and Allard (Allard and Atalla, 2009 ) method are also presented in Fig. 11 . Also, the calculated absorption coefficients for the various clearance thicknesses are shown in Fig. 14 , whereas the measured absorption coefficients are shown in Fig. 15 . For any clearance thickness, the calculated and measured values exhibit a similar trend, which demonstrates the validity of the theoretical analysis. In particular, the calculated and measured absorption coefficients for an clearance thickness of 0.22 mm were extremely close. The calculated results using Stinson and Allard method and those using author's method are close.
For clearance thicknesses of 0.52 and 0.22 mm, and any frequency, the calculated absorption coefficients were lower than the measured ones. The reasons for this discrepancy are probably in the approximation used in the theoretical analysis, and the assumptions that the size of the clearances is uniform and that the wall surface is flat. We consider the effect of nonuniformity of the clearances on the absorption coefficient in Section 3.4.
Additionally, in the case of a 0.12 mm thick clearance as in Fig. 13 , the calculated absorption coefficients over a wide Sound source side Rigid wall side range of frequencies were higher than the experimentally established coefficients. Thus, we infer the following. From the calculated values in Fig. 14 , we see that the peak value of the absorption coefficient increases as the clearance thickness decreases, reaching a maximum value at 0.16 mm. As the clearance thickness decreases, the dip in the absorption coefficient also decreases; nonetheless, the absorption coefficient decreased over a wide range of the frequency. We also see from Fig. 15 that the experimental values exhibit a similar trend as the calculated values in Fig. 14 . We focus on the calculated values in Fig. 14 that correspond to the three conditions for the experimental results in Fig. 15 . When the clearance thickness gradually decreases, compared to the experimental curve, the movement of the calculated curve is slightly delayed. In other words, if the clearance thickness in the calculations is slightly smaller than the experimental clearance, the agreement is better. This indicates that the calculated values for the attenuation of the sound waves are smaller than the actual values.
Moreover, in every test sample, frequency of the peak of calculated sound absorbing coefficient is higher than that of experimental one. The reason for this is that the calculated value for reduction of phase velocity in the clearance is lower than the actual one because the calculated value for attenuation of sound is also lower than the actual value. 
Type B case
We compared the calculated and measured absorption coefficients with respect to the clearance thickness variations in Type B samples. The results are shown in Figs. 16 and 17. The number of division n for Type B calculations was 50. This is a number where the calculated values are sufficiently converged for Type B. For comparison, the Type A results are also presented. The Type A and Type B experimental results are in agreement as shown in the previous report (Sakamoto, et al., 2013a) . Similar trends are also seen in the calculated results for both Type A and Type B. Because the clearance thickness for Type B varies in the y-direction (see Fig. 6 ), the sound-absorbing capability varies depending on the position in the y-direction. However, by aligning the divided elements in parallel as in Fig. 7 , the different absorption characteristics of the individual elements average out, and the end result becomes similar to Type A.
The calculated and measured values match closely, as in Type A. It shows that the theoretical analysis approximation by dividing the wedge-shaped clearance in the y-z plane, as clearances between two planes, is an effective method. On the other hand, the calculated values were lower than the experimental ones. And frequency of the peak of calculated sound absorbing coefficient is higher than that of experimental one. These reasons for such are likely the same as in Type A, as discussed in Section 3.1. 
Type C case
We compared the calculated and experimental absorption coefficients when the clearance thickness in Type C samples was varying. The results are shown in Figs. 18 and 19. The number of divisions i in the Type C calculations was 100. This is a number where the calculated values are sufficiently converged for Type C. For comparison, they are shown together with the Type A results. The trend in the calculated values closely follows the experimental values similar to the comparisons made above. This suggests the effectiveness of the theoretical analysis, which approximates the wedge shape of the clearance in the x-z plane as clearances between two planes.
Compared with Type A, the frequency characteristics of the absorption coefficients in Type C samples shift toward the high-frequency side. The reason for this, as explained in the previous literature (Sakamoto, et al., 2013a) , is that in Type C samples the clearance approaches 0 near the end of the x-direction, which means that the sound waves do not propagate to the end, and the effective length of the sample is shorter than in Type A samples. In the Type C samples, the clearance continuously decreases in the x-direction; therefore, the proportion of the boundary layer that occupies the space up to the terminal end increases, and the sound-absorbing capability over the wide frequency range improves. Hence, the dip in the curve of the absorption coefficient is improved.
The effect of the clearance nonuniformity on the absorption coefficient
In the theoretical analysis of the preceding sections, the position of the thin sheet was for samples with no offset, or flexure, and thus the clearance thickness was assumed uniform. However, the nonuniformity of the clearance may in fact affect the absorption coefficient. In the experiments, a stainless steel sheet of thickness 0.08 mm was used as the thin sheet material in order to exclude the effect of nonuniformity in the clearance. For comparison, we discuss the experimental values when using a paper (Sakamoto, et al., 2013a) with the same thickness as the stainless steel. Fig. 20 shows photographs of both incident faces and Fig. 21 shows the respective results. Both samples were Type A with a clearance of d = 0.52 mm.
It is clear from the photographs in Fig. 20 that even for samples that were prepared in the same jig, the clearance with paper is less uniform than that for stainless steel. From Fig. 21 , we infer that the absorption coefficient of the sample with paper was higher than the absorption coefficient of the sample with stainless steel. The maximum difference was about 0.1. Hence, we predict that the absorption coefficient will change due to the nonuniformity of the clearance.
Next, we simulated the changes in the absorption coefficient due to the nonuniformity of the clearance through theoretical analysis. For Type A with clearance thickness of 0.52 mm, Fig. 22 shows a schematic diagram of the case where changes in the clearance thickness occur due to the flexure and offset of the thin sheet. The flexure was assumed to have an arc shape with maximal radius at the middle of length l in the x-direction. The offset is the amount by which the thin sheet shifts with respect to the clearance thickness. In this model, because the space between adjacent clearances is shared, the adjacent clearances are treated as a single set, as in Fig. 22 in the analysis. Similarly to Type C, in the analysis for each clearance, the continuous variation in the clearance thickness in the x-direction is modeled by dividing the clearance in the x-direction and cascading the resulting transfer matrices. Furthermore, as shown in Fig. 22 , the transfer matrices for the two differently shaped clearances were similarly connected in parallel as in Type B. For samples in which the total number of clearances is odd, the remaining clearance was assumed to have no flexure or offset.
We present the results of comparison of calculation results where there is only flexure (Fig. 23) , offset (Fig. 24) , and both flexure and offset (Fig. 25) . The size of flexure and offset were given as percentages of the clearance thickness.
As shown in Figs. 23 and 24, the absorption coefficient changes only slightly when flexure or offset is 20 or 40%. For 80% flexure, the absorption coefficient increases and the frequency range over which the calculated values are higher than the experiment values also increases. In contrast, for 80% offset, the absorption coefficient increases at high frequencies, whereas at low frequencies it is lower than when there is no flexure or offset. The calculated values for any offset are lower than the experimental values over the entire frequency range.
Next, in Fig. 25 , we show the case where there are both flexure and offset on the thin sheet. When each of them is 20%, the variation in the absorption coefficient is small and the calculated values approach the experimental ones. For 40% each, the calculated values are higher than the experimental values above the frequency of 1,350 Hz.
Through theoretical analysis, we were able to simulate the causes of differences between the calculated and experimental values by considering the flexure and offset of the thin sheet. Moreover, in the calculated results in which either the flexure or the offset were changed, flexure contributed more to the changes in the absorption coefficient.
The calculated absorption coefficient for a thin sheet with offset in the opposite direction of that in Fig. 22 (i.e., −40%) was very close to the calculated absorption coefficient for 0% flexure or offset. This is likely because the offset of the thin sheet cancels out the effect of flexure. 
Conclusion
We carried out a theoretical analysis of sound-absorbing structures that uses the clearances between two planes formed with layered thin sheets by taking into account the viscosity of the boundary layer at the clearance. We also calculated the absorption coefficients for these structures. These calculation methods are useful in identifying the absorption coefficients for similar shapes and in designing sound-absorbing materials that use such shapes.
First, we examined the case of thin sheets placed in parallel. Then, we examined the case where the size of the clearance continuously changed perpendicular to the direction of incidence of the sound waves. In this case, the transfer matrix used in the calculations was divided into elements perpendicular to the direction of incidence of the sound waves and the size of the clearance for each element was changed in a stepwise fashion.
Subsequently, we examined the case where the clearance continuously decreased in the direction of incidence of the sound waves. The transfer matrix used in the calculations is divided into elements in the direction of the incident sound waves and the size of the clearance changes in a stepwise fashion. In this case, the effect of the viscosity owing to the boundary layer differs depending on the frequency and the depth of the sample. Consequently, we obtained the effect like in case of the sound-absorbing material changes depending on the position in the depth direction of the sample. The sound absorption on both sides, and the transmission loss, can be simultaneously addressed by arranging incident face alternately; thus, these types of structures might be applied to sound-absorbing partitions.
The trends in the calculated data and the corresponding experimental data closely agreed. Two causes for the differences between the calculated and measured values were deduced. These are the nonuniformity in the thickness of the clearance and the flexure of the thin sheet material. As a theoretical analysis, the simulations were carried out by varying these two parameters. It was found that the differences between the calculated and measured values through simulations were comparatively less. In addition, the flexure of the thin sheet material was the main cause for the changes in the absorption coefficient.
As a result, it is reasonable to expect that waste paper, for example, could be reused in sound-absorbing structures with thin-walled materials. Reusing waste paper does not require energy to recycle and thus may help carbon fixation efforts. 
